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Distilling Quantum Entanglement via Mode-Matched Filtering
Yu-Ping Huang and Prem Kumar
Center for Photonic Communication and Computing, EECS Department
Northwestern University, 2145 Sheridan Road, Evanston, IL 60208-3118
We propose a new avenue towards distillation of quantum entanglement that is implemented by
directly passing the entangled qubits through a mode-matched filter. This approach can be applied
to a common class of entanglement impurities appearing in photonic systems where the impurities
inherently occupy different spatiotemporal modes than the entangled qubits. As a specific applica-
tion, we show that our method can be used to significantly purify the telecom-band entanglement
generated via the Kerr nonlinearity in single-mode fibers where a substantial amount of Raman-
scattering noise is concomitantly produced.
PACS numbers: 42.50.Ex, 42.81.-i, 03.67.Pp
I. INTRODUCTION
Quantum entanglement is an essential resource for a
variety of potent applications that are unparalleled by
classical means, such as quantum synchronization, sens-
ing, dense coding, cryptography, computing, and tele-
portation (see Ref. [1] for a review). The performance of
these applications depends critically on the purity of the
entanglement resources they have access to. Inevitably in
practice, the entanglement is generated and distributed
with impurities due to in-coupling of background noises.
In photonic systems, these noises arise, for example, from
imperfect optical operations, transmission through noisy
channels, or more fundamentally, from spontaneous emis-
sion of uncorrelated photons. In order to obtain highly
pure entanglement, a procedure called “entanglement
distillation (or purification)” must be applied to sepa-
rate the quantum entanglement from the noises. Several
ancillary entanglement distillation protocols have been
proposed, including the so-called one-way hashing pro-
tocol, two-way recurrence protocol, and their variations
[1–3]. These protocols are probabilistic in nature and
consume a considerable amount of ancillary entangled
qubits. They also require local operations and classical
communication (LOCC), including single-qubit measure-
ments. Hence, the efficiency and speed of implementing
such protocols are low and overly restricted. Further-
more, when applied to photonic entanglement, quantum
memories may be required.
In this paper, we propose a different avenue towards
entanglement distillation that is realized directly via
mode-matched filtering. Our approach can deal with a
class of impurities resulting from quantum noises that
are produced by different physical processes than that
creating the entangled qubits. Noises of this kind exist
quite commonly in practice. For example, in atomic-
vapor sources of entangled photon pairs, spontaneous
background photons are emitted via non-phase-matched
processes. Such photons are thus in different temporal
modes than the entangled photons which are generated
via coherent, phase-matched, two-photon superradiant
emission [4, 5]. Similarly, in optical fibers the background
Raman photons produced through the retarded molecu-
lar response are in different temporal modes than the
entangled photons generated predominantly through the
instantaneous electronic response [6]. Our idea of direct
entanglement distillation (DED) is to construct a mode-
matched filter that only passes the spatiotemporal modes
of the entangled qubits while rejecting the other modes
containing noise. For photonic qubits, such a filter can
be built from a sequence of devices operating in the spec-
tral and temporal domains. Passing through such a filter,
the quantum entanglement can be distilled directly from
the noises without the use of ancillary entanglement re-
sources or LOCC. Our approach thus has the potential
to substantially improve the efficiency and speed of en-
tanglement distillation.
In the following, we will first elucidate the basic idea
of DED and then present a concrete application in an
optical-fiber entanglement-generation system, followed
by a brief conclusion.
II. BASIC IDEA
To elucidate the DED principle, let us consider
an impure polarization-entangled state
√
F |~σe〉|Se〉 +√
1− F |~σn〉|Sn〉, where F is the entanglement fidelity,
and |~σe〉 (|~σn〉) represents the polarization state of the
entangled (noisy) qubits whose normalized spatiotempo-
ral mode is Se (Sn). Passing through a polarization-
independent filter whose output mode is matched to Se,
the state becomes (
√
F ′|~σe〉+
√
1− F ′|~σn〉)|Se〉, where
F ′ = [1 + (1/F − 1)|〈Sn|Se〉|2]−1. (1)
As long as the two spatiotemporal modes are not iden-
tical, i.e., |〈Sn|Se〉| 6= 1, we have F ′ > F so that the
entanglement is purified without loss. Specially, when
the two modes are orthogonal, i.e., |〈Sn|Se〉| = 0, we
obtain F ′ = 1, so that the entanglement is totally puri-
fied. Even for non-orthogonal modes, total purification
can still be realized by choosing the filter output mode to
be orthogonal to Sn but not to Se. In that case, however,
a portion of the entangled qubits will be lost.
2III. APPLICATION IN OPTICAL-FIBER
SYSTEMS
As a specific application of our DED approach, in
the following we show how fiber-generated telecom-
band entanglement can be dramatically purified via
mode-matched filtering. Similar improvements could be
demonstrated in other photonic systems, such as atomic-
vapor sources of entanglement. However, the entangled
photon pairs generated directly in fibers are advanta-
geous for the ease of manufacturability, for the potential
of scaling to high repetition rates, and most importantly,
for the capability to losslessly couple into transmission
fibers [7]. They have been recognized as a unique resource
for distributed quantum information processing using
the existing fiber-based telecommunications infrastruc-
ture [8]. The major challenge to producing highly-pure
entangled photon pairs directly in fibers, however, arises
from the background Raman scattering through which
uncorrelated single photons are spontaneously emitted
via an incoherent, phonon-assisted process [9]. In or-
der to mitigate this effect, one existing method is to
choose the photon-pair wavelengths to be very close to
the pump wavelength where the Raman scattering is
relatively weak [10, 11]. In this method, however, the
pump must be aggressively filtered and the photon-pair
bandwidth is limited, resulting in low pair-production
rates. Another method is to lower the fiber temperature,
thereby reducing the phonon population that assists the
Raman scattering [7]. For practical uses, however, fiber
cooling requires considerable overhead and is unsuitable
for some applications.
In this paper, we provide a new solution for overcom-
ing the Raman noise problem by use of DED. The idea is
to construct a spatiotemporal filter such that only a sin-
gle mode of the entangled photon-pairs can pass through.
All other modes will be rejected. As the Raman photons
are in a mixture of modes different from the photon-pairs,
most of them will be filtered out. Distillation of entangle-
ment is thereby achieved in a single pass through such a
filter. The degree to which the entanglement can be puri-
fied depends on the mode overlap between the entangled
pairs and the Raman photons. In the specific example we
consider below, the entanglement purity can be improved
from 82% to 95% in terms of the two-photon-interference
(TPI) visibility. This corresponds to lowering the quan-
tum bit-error rate (QBER) from 0.1 to 0.03 in the context
of a quantum-key-distribution (QKD) system [12].
A. Photon-pair Generation in Fibers
The concrete example we consider is that of non-
degenerate entanglement generation in dispersion-shifted
fiber (DSF) via a counter-propagating (CP) scheme [7,
13]. Details of the CP scheme can be found in [8]. Briefly,
a 45o-polarized pump pulse is passed through a polariza-
tion beam splitter (PBS) and split equally into |H〉p and
|V 〉p components, which are then propagated in oppo-
site directions in a fiber-loop where, through the Kerr
nonlinearity, the pump pulses create probability ampli-
tudes for Stokes and anti-Stokes photon pairs in |H〉s|H〉a
and |V 〉s|V 〉a polarization states. Along each direction,
unpaired photons are also produced via spontaneous Ra-
man emission. Upon reaching the PBS again, the pumps,
co-polarized paired photons, and the Raman photons are
(re)combined, and the resulting output is passed through
a wavelength-multiplexing filter. The bandpass windows
of the filter are B-Hz wide and span frequency ranges
(−B0−B/2,−B0+B/2) and (B0−B/2, B0+B/2), rel-
ative to the pump, in which the Stokes and anti-Stokes
photons, respectively, are collected while the pump is
rejected. The generated polarization-entangled state is
(|H〉s|H〉a + eiθ|V 〉s|V 〉a)/
√
2, where θ is a controllable
relative phase between the two polarizations.
The purity of such generated entanglement is funda-
mentally limited by two effects. The first is due to multi-
ple photon-pair emission that occurs with rate ∼ (PL)4,
where P is the pump power and L is the effective fiber
length. The second is owing to co-polarized spontaneous
Raman scattering which occurs with rate ∼ PL. As
the pair-generation rate goes as ∼ (PL)2, decreasing
the pump power (or equivalently using a shorter-length
fiber) can increase the entanglement purity by differen-
tially suppressing the multipair emission, but only to a
limit. This is because when the pump gets weaker, the
Raman scattering begins to dominate and the purity sat-
urates. In the following, we show how this saturation be-
havior can be substantially improved by employing the
DED method.
We first describe the process of photon-pair genera-
tion via spontaneous four-wave mixing (SFWM) in opti-
cal fibers and the accompanying Raman scattering. For
convenience in dealing with multipair emission and Ra-
man scattering, we adopt the Heisenberg picture. In the
CP scheme, only the co-polarized Stokes and anti-Stokes
photons are collected due to the use of a PBS. Thus for
each polarization the relevant dynamics are fully cap-
tured by a scalar nonlinear Hamiltonian [14]. Further-
more, for the purpose of entangled-photon generation,
the pump can be treated as an undepleted meanfield and
the phase-matching condition is usually met. With these
considerations, the system dynamics can be solved to give
the following relation between the input (bˆs,a) and the
output (aˆs,a) annihilation operators along each polariza-
tion direction [15]
aˆs,a(ω) =
∫
dω′α(ω − ω′)bˆs,a(ω′)
+ iγL
∫ ∫
dω1dω
′Ap(ω1)Ap(ω
′ + ω − ω1)bˆ†a,s(ω′)
+ i
∫ L
0
dz
∫
dω′mˆ(z, ω′)Ap(ω − ω′). (2)
Here, [aˆµ(ω), aˆ
†
µ′(ω
′)] = [bˆµ(ω), bˆ
†
µ′(ω
′)] = 2πδµµ′δ(ω −
ω′) with µ, µ′ = s, a denoting the Stokes and anti-Stokes
3light fields; α(ω − ω′) is determined self-consistently to
preserve such commutation relations; Ap(ω) represents
the pump spectral profile with 2π
∫
dω|Ap(ω)|2 giving
the pump-pulse energy; γ is the fiber SFWM coefficient,
which we have assumed to be constant; and L is the ef-
fective length of the DSF loop. In Eq. (2), mˆ(z, ω) is the
phonon-noise operator accounting for the Raman scat-
tering, which satisfies
[mˆ(z, ω), mˆ†(z′, ω′)] = 2πgr(ω)δ(z − z′)δ(ω − ω′), (3)
where gr(ω) > 0 is the Raman-gain coefficient [6, 16].
For a phonon bath in equilibrium at temperature T , we
have the expectation
〈mˆ†(z, ω)mˆ(z′, ω′)〉 = 2πgr(ω)δ(z − z′)δ(ω − ω′)nT (ω),
(4)
where
nT (ω) =
1
e~|ω|/kBT − 1 + θ(−ω) (5)
with kB the Boltzman constant, and θ(ω) = 1 for ω ≥ 0,
and 0 otherwise.
B. Multimode Theory
Next we develop a multimode quantum model for lin-
ear mode-matched filtering using a sequence of spectral
and temporal filters. Let hs(a)(ω) and fs(a)(t) be the pro-
files for the spectral and temporal filters, respectively, for
the Stokes (anti-Stokes) photons. The number operator
at the filter output is [17, 18]
nˆµ =
1
(2π)2
∫
dωdω′κµ(ω, ω
′)aˆ†µ(ω)aˆµ(ω
′), (6)
where µ = s, a, and
κµ(ω, ω
′) =
∫
dt h∗µ(ω)hµ(ω
′)|fµ(t)|2ei(ω−ω
′)t (7)
is a Hermitian spectral correlation function. It can be
decomposed onto a set of Schmidt modes as
κµ(ω, ω
′) =
∞∑
j=0
χµjφ
∗
µj(ω)φµj(ω
′), (8)
where {φµj(ω)} are mode functions satisfying∫
dωφ∗µj(ω)φµk(ω) = 2πδj,k and {χµj} are decom-
position coefficients satisfying 1 ≥ χ0 > χ1 > ... ≥ 0.
Introducing Bosonic operators
cˆµj =
1
2π
∫
dω aˆµ(ω)φµj(ω) (9)
that satisfy [cˆµj , cˆ
†
µk] = δjk, Eq. (6) becomes
nˆµ =
∑
χj cˆ
†
µj cˆµj . (10)
It is thus clear that {φµj(ω)} are the eigenmodes of the
filter and {χµj} are their eigenvalues. The filter’s func-
tionality is to project the input photons onto these eigen-
modes, and pass each mode with probability given by its
corresponding eigenvalue.
We now study the effect of mode-matched filtering on
the entanglement purity. For a direct connection to ex-
perimental observables, we quantify the purity via the
TPI visibility given by
V =
Λ− Γ
Λ + Γ
, (11)
where Λ and Γ are the peak and trough of the TPI fringes,
respectively [7, 19]. For the CP scheme, we have
Λ =
∑
j,k
χajχsk〈cˆ†aj cˆ†sk cˆsk cˆaj〉, (12)
Γ =
∑
j,k
χajχsk〈cˆ†aj cˆaj〉〈cˆ†sk cˆsk〉. (13)
We note here that the TPI visibility in Eq. (11) includes
the degrading effects of spontaneous Raman scattering
and the emission of multiple photon pairs.
Considering Ap(ω) = A0e
−ω2/2σ2 , i.e., a 2
√
ln 2/σ-long
(FWHM) Gaussian pump pulse, we explicitly obtain
V =
̥
̥+ 2(Sa +Ra)(Ss +Rs)
, (14)
where (µ = s, a)
Sµ =
√
π√
2
γ2L2A40σ
3 (15)
×
∑
j
χµj
∫
dωdω′e−(ω−ω
′)2/8σ2φµj(ω)φµj(ω
′),
Rµ =
1
2π
gr(B0)LA
2
0
∫
dω nT (ω) (16)
×
∑
j
χµj
∣∣∣∣
∫
dω′e−(ω
′−ω)2/2σ2φµj(ω
′)
∣∣∣∣
2
,
̥ =
1
4π
γ2L2A40σ
2
∑
j,k
χsjχak (17)
×
∣∣∣∣
∫
dωdω′φsj(ω)φak(ω
′)ξ(ω + ω′)
∣∣∣∣
2
,
where
ξ(x) = e−x
2/4σ2 − (π/
√
2)gr(B0)LA
2
0σ
2e−x
2/8σ2
+(2π2/
√
3)γ2L2A40σ
4e−x
2/12σ2 . (18)
In arriving at the above equations we have used the fact
that generally the filter bandwidth B . 10nm, so that
to a good approximation gr(ω) = gr(B0). Equation (16)
shows that the Raman photons are produced in an inco-
herent mixture of modes yielding identical spectral pro-
files as the pump, but with their centers shifted by the
corresponding phonon frequencies. The Raman modes
are thus different from the modes of photon-pairs which
are determined by the phase-matching properties of the
optical fibers, as given in Eq. (17).
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FIG. 1. (Color online) (a) Profiles of the first two SFWM
modes, ψ0,1, compared with that of the pump. (b) The nu-
merically optimized profile of the spectral filter obtained by
maximizing V in Eq. (11) and the resulting fundamental filter
mode φµ0, compared with ψ0. All mode functions are shifted
to center at ωµ = 0.
C. Simulation Results
Consider first the case without mode-matched filtering,
which corresponds to having h(ω) = 1 and f(t) = 1.
Identifying
∑
j φ
∗
µj(ω)φµj(ω
′) = 2πδ(ω−ω′) and χj = 1,
∀j, we get
Sµ =
√
2ππ(γL)2A40σ
3B, (19)
Rs,a =
√
πσLA20Bgr(B0)nT (∓B0), (20)
̥ ≈ 2π(γL)2A40σ2[σ2(e−B
2/2σ2 − 1)
+
√
π/2Bσ Erf(B/
√
2σ)]. (21)
Note that here we have made the approximation nT (ω) =
nT (∓B0) for the Stokes and anti-Stokes photons, respec-
tively.
We now consider applying mode-matched filtering.
There are multiple filtering schemes that can lead to
entanglement purification. In this paper we consider
a single-mode filter with χj = δj,0, where the filter
mode φ0 matches with the fundamental SFWM eigen-
mode ψ0, defined by ξ(ω + ω
′) =
∑∞
j=0 ζjψj(ω)ψj(ω
′)
and
∫
dωψj(ω)ψk(ω) = 2πδjk. We will present a practi-
cal scheme to implement such a filter later in this paper.
As the Raman photons are in different modes, most of
them will be rejected. The entangled photon pairs in the
fundamental SFWM mode, on the other hand, will pass
through unaffected. In this way, entanglement is purified
in a direct manner. Simultaneously, the undesired fre-
quency correlation between the paired Stokes and anti-
Stokes photons is also eliminated [20, 21]. Note that in
this case we have ̥ = 4π3ζ20γ
2L2A40σ
2.
To show this, we evaluate the TPI visibility before and
after the mode-matched filter for the following typical
fiber parameters: γ = 1.6 W−1 km−1, L = 300 m, and
T= 300 K (i.e., room temperature). The pump’s central
wavelength is 1538.7 nm, and the pulse width is 5 ps, cor-
responding to σ = 0.5 nm. The Stokes and anti-Stokes
photons are detuned from the pump by ∓B0 = ∓10 nm,
respectively, with bandwidth B = 5 nm. For these pa-
rameters, the spectral profiles for the fundamental and
first-order SFWM modes are plotted in Fig. 1(a), where
much wider bands are shown for the SFWM modes than
the pump. The numerical results for the TPI visibili-
ties as functions of per-pulse pair-production probability
Ppair are plotted in Fig. 2(a). As shown, without filtering,
the visibility is 0.72 for Ppair = 0.01 and increases to 0.82
as Ppair is lowered. Applying mode-matched filtering,
the visibility is improved to 0.88 for Ppair = 0.01 and ap-
proaches 0.95 as Ppair is lowered. These results exhibit a
significant improvement of the entanglement purity with
use of the mode-matched filtering. For the QKD appli-
cation, these improvements correspond to reducing the
QBER from 0.14 to 0.06 when Ppair = 0.01. For the for-
mer value, according to Koashi and Preskill [12], no fresh
key can be generated, but a fraction 0.0027γt fresh key
per pulse can be generated for the latter value obtained
by applying mode-matched filtering. Here, γt is the total
detection efficiency, including propagation loss, and we
have assumed a basis reconciliation factor of 0.5 and an
error correction efficiency of 1.22.
As discussed previously, the purity of entanglement
generated in optical fibers increases but eventually satu-
rates as one lowers the pump power. This is because in
the weak-pump limit the Raman scattering dominates.
Using mode-matched filtering to suppress the Raman
noise, we can substantially improve upon this saturation
behavior. This is shown in Fig. 2(b), where we plot the
saturated TPI visibility for different detunnings ∆ of the
Stokes and anti-Stokes photons from the pump. All other
parameters are the same as those in Fig. 2(a). As shown,
without filtering the saturated visibility decreases from
0.96 to 0.71 as ∆ increases from 5 to 14 nm. Corre-
spondingly, the saturated QBER increases from 0.04 to
0.14. By applying the mode-matched filtering, the satu-
rated visibility increases to 0.99 for ∆ = 5 nm, and drops
to 0.71 for ∆ = 18 nm, with the saturated QBER in-
creasing from 0.009 to 0.14. Thus by applying the mode-
matched filtering, not only the entanglement impurity
is improved, but also the usable band of the Stoke and
anti-Stokes wavelengths (for which the visibility > 71%)
is extended. This would be of importance for simulta-
neous many-channel generation of wavelength-division-
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FIG. 2. (Color online) (a) TPI visibilities as functions of the
pair-production rate Ppair. (b) The saturated TPI visibilities
for different detunings ∆. In both figures, the results with and
without mode-matched filtering are plotted for comparison.
See text for the parameters used.
multiplexed entangled photon pairs in optical fibers [7].
Thus far, we have considered a single-mode filter whose
mode is matched to the fundamental SFWM mode, i.e.,
φ0 = ψ0, as shown in Fig. 1. There are multiple se-
quences of spectral and temporal manipulations that can
implement such a filter. In this paper, we consider a
scheme which utilizes a programmable optical filter that
is commercially available [22], and a Gaussian-shaped
time shutter made of, for example, a fast optical switch
[23, 24]. Letting f(t) = e−2 ln 2 t
2/T 2 (T is the FWHM of
the shutter window), we have
κµ(ω, ω
′) =
T
2
√
π
ln 2
h∗µ(ω)hµ(ω
′)e−
(ω−ω′)2T2
16 ln 2 , (22)
where µ = s, a. For T = 3.5/σ, a super-Gaussian-like
spectral filter profile hµ(ω) can produce a filter mode
nearly identical with ψ0, as shown in Fig. 1(b). For such
a filter, χµ0 = 0.35 while
∑∞
j=1 χµj = 0.03. Hence, ap-
proximately a 10% (= χs0χa0) fraction of the entangled
photon pairs can be collected while nearly all of the Ra-
man photons are rejected. Note that by using more so-
phisticated schemes for spectral and temporal filtering,
χµ0 could be significantly increased while
∑∞
j=1 χµj is
lowered.
IV. CONCLUSION
In summary, we have proposed a direct avenue to quan-
tum distillation via mode-matched filtering. Such an
approach can be generally applied to a variety of opti-
cal systems, such as atomic vapors and telecom fibers,
where noise photons are produced by different physical
processes than that creating the entangled photons. As
an application, we have shown how polarization entan-
glement generated in telecom fibers can be substantially
purified via spectral and temporal shaping. This new
method opens a door to efficient and fast quantum dis-
tillation that neither requires the use of ancillary entan-
glement resources nor performing LOCC.
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